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Abstract
A precise theoretical investigation has been made on dust-acoustic (DA) waves (DAWs) in a four components dusty plasma medium
having inertial warm adiabatic dust grains and inertialess q-distributed electrons as well as isothermal ions and positrons. The
nonlinear and dispersive parameters of the nonlinear Schro¨dinger equation (NLSE), which develops by using reductive perturbations
technique, have been used to recognize the stable and unstable parametric regions of the DAWs as well as associated DA rogue
waves (DARWs) in the unstable parametric regime of the DAWs. The effects of the light positrons and massive dust grains in
determining the amplitude and width of the DARWs associated with DAWs are examined. The findings of our present investigation
may be useful for understanding different nonlinear electrostatic phenomena in both space and laboratory plasmas.
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1. Introduction
The electron-positron-ion-dust (EPID) plasma is a fully ion-
ized gas comprises of electrons and positrons of equal masses
but opposite polarity as well as ions and massive dust grains
[1, 2, 3, 4]. The simultaneous co-existence of the light positrons
and heavy dust grains as well as electrons and ions in con-
trast to the usual plasma containing of electrons and ions in
space and laboratory EPID plasma medium (EPIDPM) has
rigourously changed the basic features of the propagation of
nonlinear electrostatic waves, viz., Dust-acoustic (DA) waves
(DAWs) [3, 4, 5, 6], DA solitary waves (DA-SWs) [3, 4],
DA shock waves (DA-SHWs) [7], DA rogue waves (DA-RWs)
[8, 9, 10, 11], dust-ion-acoustic waves (DI-AWs) [12, 13] in an
EPIDPM, and has received much attraction to solve the pro-
found mystery, and has identified in space plasmas, viz., active
galactic nuclei [3, 4], pulsar magnetospheres [3, 4], interstel-
lar clouds [3, 4], supernova environments [3, 4], early universe
[12], the inner regions of the accretion disks surrounding the
black hole as well as in laboratory experiments of cluster ex-
plosions by intense laser beams [14].
A new velocity distribution recognized as “Tsallis statistics”
has attracted much interest among the plasma physicists and
is believed to be a useful generalization of the conventional
Boltzmann-Gibbs statistics which is not valid for describing the
long-range interaction in system such as complex plasma sys-
tem, and also has considered as an inevitable tool for analysing
and predicting the statistical features of long-range interaction
in complex system. This Tsallis distribution was first pro-
posed by Tsallis [15] and was first acknowledged by Renyi [16].
The degree of non-extensivity of the long-range interaction in
complex system is denoted by the entropic index q, and when
(q → 1), Tsallis distribution reduces to well known Maxwell-
Boltzmann velocity distribution [5, 6, 7]. Emamuddin et al.
[5] examined DA Gardner solitons in a four components dusty
plasma medium (DPM) having non-extensive plasma species.
Eslami et al. [6] analyzed the properties of DA-SWs in pres-
ence of non-extensive plasma species, and found that the DA-
SWs exhibit compression and rarefaction according to the neg-
ative and positive q, respectively. Roy et al. [7] demonstrated
DA-SHWs in a three components DPM featuring non-extensive
electrons, and observed that DA-SHWs potential decreases with
the increase in the value of q for positive limit.
The signature of the positrons in EPIDPM has encouraged
many authors to examine the propagation of nonlinear elec-
trostatic pulses in EPIDPM because the effect of positrons in
EPIDPM with substantial amount can not be ignored. Baner-
jee and Maitra [12] considered four components EPIDPM and
studied electrostatic potential structures in presence of the mas-
sive dust grains and light positrons and observed that the hight
of the potential structures increases with increasing value of
massive dust number density but decreases with increasing
light positron number density. Paul and Bandyopadhyay [13]
demonstrated DI-AWs in an EPIDPM and highlighted the ex-
istence of both polarities solitary waves as well as positive and
negative potential double layers but only positive super-solitons
in an EPIDPM having positrons.
The nonlinear Schro¨dinger equation (NLSE) [8, 9, 10, 11,
17, 18, 19] has considered one of the elegant equations which
can art the picture of the modulational instability (MI) and the
mechanism of rogue waves (RWs) in any complex medium,
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and also has manifested as a central archetype to investigate the
nonlinear property of complex plasma medium. Bains et al. [9]
studied the propagation of DAWs in a three components DPM
having non-extensive plasma species and found that the critical
wave number (kc) increases with increasing the non-extensivity
of the plasma species. Moslem et al. [10] analyzed the DAWs
by considering q-distributed plasma species and observed that
non-extensive plasma parameter q plays a significant role in
maximizing or minimizing the energy of the DA-RWs. Rah-
man et al. [11] examined DA-RWs in a multi-component DPM
and observed that the ion temperature enhances the height and
thickness of the DA-RWs while the electron temperature re-
duces the height and thickness of the DA-RWs.
Recently, Esfandyari-Kalejahi et al. [3] investigated the non-
linear propagation of DA-SWs in an EPIDPM and observed
that the amplitude of DA-SWs increases with the increase in
the value of negatively charged dust charge state. Jehan et al.
[4] studied DA-SWs in a four components DPM by consider-
ing inertialess iso-thermal electrons, positrons, and ions as well
as inertial massive dust grains, and found that the amplitude of
dip solitons increases with increasing the value of the positron
concentration. However, to the best knowledge of the authors,
there is no theoretical investigation has been made on DAWs
in EPIDPM considering warm adiabatic dust grains. Therefore,
in this paper, we are interested to study the MI of DAWs and
the formation of DA-RWs in an EPIDPM as well as the effects
of q-distributed electrons, and isothermal ions and positrons on
the DA-RWs in a four components EPIDPM.
The rest of the paper is organized in the following fashion:
The governing equations of our plasma model are presented in
Sec. 2. The MI and RWs are given in Sec. 3. Finally, a brief
conclusion is provided in Sec. 4.
2. Governing equations
We consider the propagation of DAWs in an unmagnetized
collisionless EPIDPM consisting of inertial warm adiabatic
negatively charged massive dust grains (mass md; charge qd =
−Zde), and inertialess q-distributed electrons (mass me; charge
−e) as well as iso-thermal ions (mass mi; charge qi = +Ze) and
positrons (mass mp; charge +e), where Zd (Zi) is the number of
electron (proton) residing on a negatively (positively) charged
massive dust grains (ions). Overall, the charge neutrality con-
dition for our plasma model can be written as ne0 + Zdnd0 =
np0 + Zini0. Now, the basic set of normalized equations can be
written in the form
∂nd
∂t
+
∂(ndud)
∂x
= 0, (1)
∂ud
∂t
+ ud
∂ud
∂x
+ δnd
∂nd
∂x
=
∂ϕ
∂x
, (2)
∂2ϕ
∂x2
= (µp + µi − 1)ne − µpnp − µini + nd, (3)
where nd is the adiabatic dust grains number density normalized
by its equilibrium value nd0; ud is the dust fluid speed normal-
ized by the DAwave speedCd = (ZdKBTi/md)
1/2 (with Ti being
the ion temperature,md being the dust grain mass, and KB being
the Boltzmann constant); φ is the electrostatic wave potential
normalized by KBTi/e (with e being the magnitude of single
electron charge); the time and space variables are normalized
by ω−1
pd
= (md/4πZ
2
d
e2nd0)
1/2 and λDd = (KBTi/4πZdnd0e
2)1/2,
respectively; Pd = Pd0(Nd/nd0)
γ [with Pd0 being the equilib-
rium adiabatic pressure of the dust, and γ = (N + 2)/N, where
N is the degree of freedom and for one-dimensional case, N = 1
then γ = 3]; Pd0 = nd0KBTd (with Td being the temperatures of
the adiabatic dust grains); and other plasma parameters are con-
sidered as δ = 3Td/ZdTi, µp = np0/Zdnd0, and µi = Zini0/Zdnd0.
Now, the expression for electron number density obeying q-
distribution is given by [15, 8]
ne =
[
1 + (q − 1)σϕ
] q+1
2(q−1) , (4)
where σ = Ti/Te and Te > Ti. The expression for the number
density of ions and positrons obeying iso-thermal distribution
are, respectively, given by
np = exp(−αϕ), (5)
ni = exp(−ϕ), (6)
where α = Ti/Tp and Tp > Ti. Now, by substituting Eqs. (4)-
(6) in Eq. (3), and expanding up to third order in ϕ, we get
∂2ϕ
∂x2
+ 1 = nd + Υ1ϕ + Υ2ϕ
2
+ Υ3ϕ
3
+ · · ·, (7)
where
Υ1 = [σ(q + 1)(µp + µi − 1) + 2µpα + 2µi]/2,
Υ2 = [σ
2(q + 1)(q − 3)(1 − µp − µi) − 4µpα
2
− 4µi]/8,
Υ3 = [σ
3(q + 1)(q − 3)(3q − 5)(µp + µi − 1) + F1]/48,
where F1 = 8µpα
3
+ 8µi. To study the MI of the DAWs, we
want to derive the NLSE by employing the reductive perturba-
tion method and for that case, first we can write the stretched
coordinates as ξ = ε(x − vgt) and τ = ε
2t, where ε is a small-
ness parameter and vg is the group velocity of DAWs to be de-
termined later. Now, we can write the dependent variables as
[20, 21, 22]
nd = 1 +
∞∑
m=1
ǫm
∞∑
l=−∞
n
(m)
dl
(ξ, τ) exp[il(kx − ωt)], (8)
ud =
∞∑
m=1
ǫm
∞∑
l=−∞
u
(m)
dl
(ξ, τ) exp[il(kx − ωt)], (9)
ϕ =
∞∑
m=1
ǫm
∞∑
l=−∞
ϕ
(m)
l
(ξ, τ) exp[il(kx − ωt)], (10)
where k andω is real variables presenting the carrier wave num-
ber and frequency, respectively. The derivative operators can be
written as
∂
∂t
→
∂
∂t
− ǫvg
∂
∂ξ
+ ǫ2
∂
∂τ
, (11)
∂
∂x
→
∂
∂x
+ ǫ
∂
∂ξ
. (12)
2
Now, by substituting Eqs. (8)-(12) into Eqs. (1), (2), and (7),
and taking the terms containing ε, the first-order (m = 1 with
l = 1) reduced equation can be written as
n
(1)
d1
=
k2
Ω
ϕ
(1)
1
, u
(1)
d1
=
kω
Ω
ϕ
(1)
1
, (13)
where Ω = δk2 − ω2. We thus obtain the dispersion relation for
DAWs
ω2 =
k2
Υ1 + k2
+ δk2, (14)
The second-order (m = 2 with l = 1) equations are given by
n
(2)
d1
=
k2
Ω
ϕ
(2)
1
−
2ikω(vgk − ω)
Ω2
∂ϕ
(1)
1
∂ξ
, (15)
u
(2)
d1
=
kω
Ω
ϕ
(2)
1
−
i(vgk − ω)(ω
2
+ δk2)
Ω2
∂ϕ
(1)
1
∂ξ
, (16)
with the compatibility condition
vg =
∂ω
∂k
=
ω2 −Ω2
kω
. (17)
The coefficients of ǫ for m = 2 and l = 2 provide the second
order harmonic amplitudes which are found to be proportional
to |ϕ
(1)
1
|2
n
(2)
d2
= B1|ϕ
(1)
1
|2, (18)
u
(2)
d2
= B2|ϕ
(1)
1
|2, (19)
ϕ
(2)
2
= B3|ϕ
(1)
1
|
2, (20)
where
B1 =
2B3k
2
Ω
2 − 3ω2k4 − δk6
2Ω3
,
B2 =
2B1δkΩ
2
+ δk5 + ω2k3 − 2B3kΩ
2
2ωΩ2
,
B3 =
3ω2k4 + δk6 − 2Υ2Ω
3
6k2Ω3
.
Now, we consider the expression for (m = 3 with l = 0) and
(m = 2 with l = 0), which leads the zeroth harmonic modes.
Thus, we obtain
n
(2)
d0
= B4|ϕ
(1)
1
|2, (21)
u
(2)
d0
= B5|ϕ
(1)
1
|
2, (22)
ϕ
(2)
0
= B6|ϕ
(1)
1
|2, (23)
where
B4 =
B6Ω
2 − 2vgωk
3 − δk4 − k2ω2
Ω2(δ − v2g)
,
B5 =
B4δΩ
2 − B6Ω
2
+ δk4 + k2ω2
vgΩ2
,
B6 =
2vgωk
3
+ δk4 + k2ω2 − 2Υ2Ω
2(δ − v2g)
Ω2(1 + Υ1δ − Υ1v2g)
.
Figure 1: P/Q versus k curve for different values of positive q along with α =
0.3, δ = 0.005, µi = 1.4, µp = 0.3, and σ = 0.7.
Figure 2: P/Q versus k curve for different values of negative q along with
α = 0.3, δ = 0.005, µi = 1.4, µp = 0.3, and σ = 0.7.
Finally, the third harmonic modes (m = 3) and (l = 1), with the
help of (13)−(23), give a set of equations, which can be reduced
to the following NLSE:
i
∂φ
∂τ
+ P
∂2φ
∂ξ2
+ Q|φ|2φ = 0, (24)
where φ = ϕ
(1)
1
for simplicity. In Eq. (24), P is the dispersion
coefficient which can be written as
P =
(vgk − ω)(ω
3 − 3vgkω
2
+ 3δωk2 − vgδk
3) − Ω3
2ωΩk2
,
and Q is the nonlinear coefficient which can be written as
Q =
3Υ3Ω
2
+ 2Υ2Ω
2(B3 + B6) − 2ωk
3(B2 + B5) − F2
2ωk2
,
where F2 = (δk4+k2ω2)(B1+B4). The space and time evolution
of the DAWs in EPIDPM are directly governed by the disper-
sion (P) and nonlinear (Q) coefficients, and indirectly governed
by different plasma parameters such as as δ, µp, µi, σ, α, q,
and k. Thus, these plasma parameters significantly affect the
stability conditions of the DAWs.
3. Modulational instability and rogue waves
The stability of DAWs in an EPIDPM is governed by the sign
of dispersion coefficient (P) and nonlinear coefficient (Q) which
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Figure 3: P/Q versus k curve for different values of µi along with α = 0.3,
δ = 0.005, µp = 0.3, σ = 0.7 and q = 1.5.
Figure 4: P/Q versus k curve for different values of α along with δ = 0.005,
µi = 1.4, µp = 0.3, σ = 0.7, and q = 1.5.
Figure 5: variation of |φ| with ξ for different values of µp along with α = 0.3,
δ = 0.005, µi = 1.4, σ = 0.7, and q = 1.5.
are function of various plasma parameters such as α, δ, µi, µp,
σ, and q. These plasma parameters significantly control the
stability conditions of the DAWs. When P and Q are same sign
(P/Q > 0), the evolution of the DAWs amplitude is modula-
tionally unstable and in this region electrostatic bright envelope
solitons as well as RWs exist [8, 23]. On the other hand, when
P and Q are opposite sign (P/Q < 0), the DAWs are modula-
tionally stable in presence of external perturbations and in this
region electrostatic dark envelope solitons exist [8, 23]. The
plot of P/Q against k yields stable and unstable regions of the
Figure 6: variation of |φ| with ξ for different values of σ along with α = 0.3,
δ = 0.005, µi = 1.4, µp = 0.3, and q = 1.5.
DAWs. The point, at which transition of P/Q curve intersects
with k-axis, is known as the threshold or critical wave number
k (= kc).
We have depicted P/Q versus k graph for different values of
positive q and negative q in Figs. 1 and 2, respectively, and it is
obvious from these figures that (a) the DAWs remain stable for
small k (k < kc) and the MI sets in for values of k (k > kc); (b)
when q = 1.1, 1.5, and 1.9 then the corresponding kc value is
kc ≡ 1.88 (dotted blue curve), kc ≡ 1.92 (dashed green curve),
and kc ≡ 1.95 (solid red curve); (c) kc increases with increasing
value of positive q. On the other hand, in the case of negative
q: (d) when q = −0.9, −0.5, and −0.1 then the corresponding kc
value is kc ≡ 1.57 (dotted blue curve), kc ≡ 1.67 (dashed green
curve), and kc ≡ 1.72 (solid red curve); (e) the negative q also
increases the value of critical wave number. Hence one can say
that the stability of the DAWs is independent on the sign of q
but dependent on the magnitude of q.
We have investigated the effects of ion and dust number den-
sity as well as their charge state to organize the stable and un-
stable parametric regions of DAWs by depicting P/Q versus k
graph for different values of µi in Fig. 3. It can be seen from
this figure that (a) the kc increases with µi; the stable (unstable)
parametric region increases (decreases) with increasing value
of ion (dust) number density for the fixed values of Zd and Zi;
(b) the kc increases with the increase in the value of positive
ion charge state (Zi) while decreases with the increase in the
value of negative dust charge state (Zd) for a constant value of
ni0 and nd0 (via µi = Zini0/Zdnd0). So, the charge and the num-
ber density of the positive ion and negative dust grains play an
opposite role in recognizing the stable and unstable parametric
regions of the DAWs.
Figure 4 represents the stability nature of the DAWs accord-
ing to the ion to positron temperature (via α = Ti/Tp). The
unstable window increases with an increase in ion temperature
while decreases with an increase in the positron temperature.
The governing equation for the highly energetic DA-RWs in
the unstable region (P/Q > 0) can be written as [24, 25]
φ(ξ, τ) =
√
2P
Q
[
4(1 + 4iPτ)
1 + 16P2τ2 + 4ξ2
− 1
]
exp(2iPτ). (25)
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We have also numerically analyzed Eq. (25) in Fig. 5 to illus-
trate the influence of number density ratio of positron to dust
(via µp = np0/Zdnd0) on the formation of DA-RWs associated
with unstable parametric region (i.e., P/Q > 0), and it is clear
from this figure that (a) the nonlinearity as well as the amplitude
and width of the DA-RWs increases with increasing positron
number density np0 for a constant value of Zd and nd0; (b) On
the other hand, the nonlinearity as well as the amplitude and
width of the DA-RWs decreases with increasing negative dust
number density nd0 as well as negative dust charge state Zd for
a constant value of np0.
The effect of ion temperature (Ti) as well as electron temper-
ature (Te) on the height and thickness of DA-RWs can be ob-
served from Fig. 6 and it can be manifested from this figure that
the height and thickness of the DA-RWs increase as we increase
the ion temperature while decrease with an increase in the value
of electron temperature; (b) physically, the nonlinearity of the
plasma medium enhances with ion temperature by developing a
gigantic DA-RWs associated with DAWs in unstable paramet-
ric region while the nonlinearity of the plasma medium reduces
with electron temperature by developing a smaller DA-RWs as-
sociated with DAWs in unstable parametric region. This result
is a nice agreement with Rahman et al. [8] work.
4. Conclusion
In this study, we have performed a nonlinear analysis of
DAWs in an EPIDPM having inertial massive dust grains
and inertialess q-distributed electrons as well as iso-thermal
positrons and ions. The nonlinear properties of the plasma
medium as well as the mechanism to generate gigantic DA-
RWs associated with DAWs are governed by the standard
NLSE. It has been seen that iso-thermal ions and positrons
as well as non-extensive electrons have essential influence on
the MI of DAWs. The dependency of the height and thick-
ness of the DA-RWs on the various plasma parameters, namely,
charge state of the negatively charged dust, number density of
the positron and dust grains as well as the temperature of the
ion and electron is also examined. To conclude, the results of
our present investigation might be useful to understand the non-
linear phenomena (viz., MI of DAWs and DA-RWs) in space
dusty plasmas, viz., active galactic nuclei [3, 4], pulsar magne-
tospheres [3, 4], interstellar clouds [3, 4], supernova environ-
ments [3, 4], our early universe [12], the inner regions of the
accretion disks surrounding the black hole as well as in labo-
ratory experiments of cluster explosions by intense laser beams
[14].
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